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abstract: Temporal variation can facilitate the coexistence of
competitors through the temporal storage effect. However, this theoretical result was derived with the assumption that species have
high dispersal rates. Here, I show that limited dispersal diminishes
the storage effect in the classical lottery model. Populations become
highly clustered during invasion, and population growth rates and
extinction probabilities are functions of cluster size. I adopt the term
“nucleation” from the physics literature to describe these characteristics. I developed approximations that incorporated nucleation to
capture the spatiotemporal dynamics of the simulated model. Using
analytical results from these approximations, I show that limited dispersal dampens asynchronous ﬂuctuations in reproduction between
species. This makes species appear to be more similar in their growth
rate responses to the environment, thus reducing the potential for the
storage effect. Theoretical results lead to simple rules relating average
dispersal distances to relative reductions in potential coexistence. To
demonstrate their use, I perform a preliminary analysis of two plant
communities: tropical trees and desert annuals. In both communities,
small-seeded species that disperse short distances on average have the
strongest reductions in potential coexistence; species with wind- or
animal-driven dispersal disperse farther distances, on average, and experience moderate or small reductions.
Keywords: dispersal, spatial pattern, coexistence, community dynamics, biological invasion, nucleation.

Introduction
Competition between species for shared resources can limit
ecological diversity. The stable coexistence of multiple competitors requires competitive interactions to be stronger between conspeciﬁcs than between heterospeciﬁcs. This causes
species to limit their own growth rates more strongly, preventing superior competitors from attaining the densities
necessary to drive other species extinct (MacArthur and Levins 1967). Various mechanisms can promote coexistence in
this way, including resource partitioning (MacArthur and
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Levins 1964), frequency-dependent predation (Vance 1978),
and the storage effect (Chesson and Warner 1981). However, the potential for coexistence can be affected if the
dispersal of individuals or propagules is limited. These effects have been well enumerated for certain coexistence
mechanisms, such as classic resource partitioning (Neuhauser and Pacala 1999; Bolker et al. 2003) and the spatial
storage effect (Lavorel and Chesson 1995; Snyder and
Chesson 2003), but are not as well understood in the context of other coexistence mechanisms, such as the temporal storage effect.
The temporal storage effect operates when ﬂuctuations in
species-speciﬁc growth rates and a long-lived stage work in
concert to reduce interspeciﬁc, relative to intraspeciﬁc, competition (Chesson and Warner 1981). If growth rate ﬂuctuations are sufﬁciently asynchronous, then each species
will experience separate periods of favorable growth. This
promotes intraspeciﬁc competition and decreases interspeciﬁc competition, because individuals compete primarily
with conspeciﬁcs during these periods. However, interspeciﬁc competition only decreases relative to intraspeciﬁc competition if a long-lived stage is present to act as a buffer
against the negative population growth that would otherwise occur during an unfavorable period (Chesson 2000b;
Adler et al. 2006).
In many systems where the storage effect is important,
individuals reproduce via propagules with limited dispersal
ranges, as in grasses (Adler et al. 2006), desert annuals
(Pake and Venable 1995; Angert et al. 2009), tropical trees
(Kelly and Bowler 2002; Usinowicz et al. 2012), and potentially even coral reef ﬁsh (Chesson and Warner 1981). Limiting the movement of populations leads to spatial heterogeneity in the form of clusters of individuals (endogenous
heterogeneity; Seidler and Plotkin 2006; Bolker 2003; Levine and Murrell 2003). The implications of this type of
heterogeneity for coexistence by classic resource partitioning depend on certain characteristics of species. Coexistence
may be facilitated when a superior competitor is more limited by dispersal (Bolker et al. 2003), but coexistence may
be reduced when dispersal is symmetrical between species
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(Neuhauser and Pacala 1999). These conclusions also depend on characteristics of the environment. If population
growth rates of competitors are correlated with patchy resources (exogenous heterogeneity), dispersal limitation will
increase the potential for coexistence (Snyder and Chesson
2003).
I constructed an explicitly spatial simulation model to
investigate the impact of dispersal limitation on coexistence by the temporal storage effect. The simplest nonspatial model capable of producing the storage effect is the
lottery model. Therefore, I adapted the lottery model for a
discrete-space lattice, where each lattice square represents
a colonization site capable of supporting a single reproductive individual. Offspring have a simple dispersal kernel, so
that the offspring vying for an available site come only from
a local interaction neighborhood, deﬁned as the set of sites
within dispersal distance. I analyzed the dynamics of the simulation model to understand how limited dispersal impacts
the ability of one species to invade its competitor from low
density, which is the signature effect of stabilizing coexistence
mechanisms. I quantiﬁed spatial pattern on the basis of the
density, size, and number of clusters for different parameter
ranges. I then used a set of approximation techniques to identify speciﬁc ways in which spatial pattern mediates invasion
rates.
Coexistence can be demonstrated using the invasion growth
rate. This gives the expected population growth rate for a species recovering from low density (termed the invader) against
established competitors (termed the residents). Coexistence is
only possible if the invasion growth rate is positive for each
species in turn (Turelli 1978; Chesson and Warner 1981). The
overall bounds on coexistence can then be found by analyzing changes in the invasion growth rate across different
parameter ranges. For some models, it is possible to ﬁnd a
mathematical expression for the invasion growth rate, often referred to as the invasion criterion. When the focus is
on a speciﬁc scenario or system, this is not strictly necessary,
because the invasion growth rate can be measured directly
from ﬁeld-parameterized simulations or models (Cáceres
1997; Adler et al. 2006; Angert et al. 2009; Godoy and Levine
2014). However, the invasion criterion can reveal which demographic features most strongly inﬂuence coexistence, potentially reducing complexity and focusing investigation on
key parameters.
Deriving the invasion criterion for the limited-dispersal
lottery model requires an analytically tractable version of
the model. Thus I ﬁrst approximate the spatial dynamics
of the full model and then ﬁnd the invasion criterion of
the approximation. I compared a total of ﬁve approximations, including limited-dispersal and pairwise approximations with well-established histories of use in ecology
(Hiebeler 1997, 2000; Ives et al. 1998), and three related
approximations originating from the physics literature in
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an area of research referred to as nucleation (Avrami 1940;
White 1969; Korniss and Caraco 2005). Each approximation
accounts for the inﬂuence of spatial pattern through an underlying model of the average interaction neighborhood. An approximation is successful when it matches the observed invasion growth rate of the limited-dispersal lottery model. The
success of an approximation to represent dynamics during
low-density growth can be seen as a test of the underlying
model of spatial interactions. The invasion criterion for a
successful approximation can then be used to infer which
characteristics of competing species impact coexistence.
Nucleation theory provides a framework that can account
for clusters and demographic stochasticity during growth
from low density (Gandhi et al. 1999; O’Malley et al. 2005),
both of which contribute to dynamics in the limited-dispersal
lottery model. The three nucleation approximations adapted
here share the assumption that population growth is clusterbased and recast dynamics as a series of transitions between
cluster sizes. Each is applicable under different conditions:
a transition matrix for a Markov chain that represents all
possible transitions between cluster sizes and is most practical when spatial extent is small (White 1969); an exponential approximation, known as Avrami’s law, that is accurate
in the limit of very large lattices (Avrami 1940; Korniss and
Caraco 2005); and a difference approximation, conceptually based on birth-death models (Gurney and Nisbet 1975;
Snyder and Nisbet 2000), that considers the most likely cluster transitions for a given population size.
Demographic stochasticity is an important process to
consider for the overall persistence of ﬁnite populations, because it can cause extinction even when species should otherwise be able to persist. However, the main goal here is to
determine the impact of limited dispersal on the storage
effect, which means distinguishing the contrasting impacts
of demographic stochasticity from stabilizing coexistence.
Nucleation theory provides a framework for simulating and
analyzing low-density growth under these conditions by allowing a constant, low level of invader propagules to arrive
wherever a resident dies (Korniss et al. 2000; Korniss and
Caraco 2005). Many colonization attempts will fail, but eventually the invader will create a cluster of sufﬁciently large
size to establish. This critical cluster size, cc, divides these
two phases of low-density growth. Below cc growth is a random process with properties determined by the background
propagule rate, lattice size, and species mortality rates. Above
cc, the invader population overcomes demographic stochasticity, and the growth rate is determined by competitive differences between species (Korniss and Caraco 2005); the
growth rate above cc is most comparable to the classic invasion growth rate.
The complexity of spatially explicit population models
can make it difﬁcult to connect results to empirical studies of real communities. Here, I adhere to the theoretical
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framework of coexistence based on mutual invasibility (Turelli 1981; Chesson 2000b), since its applicability for analyzing empirical systems has been demonstrated. The most
successful spatial approximation can be parameterized with
ﬁeld data in ways that are then directly comparable with
previous studies (e.g., Adler et al. 2006; Angert et al. 2009;
Usinowicz et al. 2012). Comparing the invasion criteria
of the spatial approximations to that of the classic lottery
model leads to simple rules for determining when dispersal
limitation reduces the strength of the storage effect. Finally,
I apply these results to a preliminary analysis of the impact
of dispersal limitation on coexistence in two communities
where the storage effect is important: desert annuals and
tropical trees.
Although this article contains a substantial amount of
technical development, the main results can be interpreted
with the background provided in the introduction. Several
quantities used to analyze cluster dynamics are introduced
in the second part of “Methods,” but their meanings are
reiterated brieﬂy in the corresponding “Results” sections.
A more detailed summary of the framework of mutual invasibility is provided in the ﬁrst “Methods” subsection, after the limited-dispersal lottery model is deﬁned. The candidate spatial approximations are described in the ﬁnal
part of “Methods” whereas their derivations and the invasion criterion of each are found in the Appendixes (apps.
A–C available online).

Methods
Limited-Dispersal Lottery Model
The limited-dispersal lottery model assumes that two species compete for ﬁxed locations in space that can only be
occupied by a single adult individual. Seed production by
individuals of each species is variable through time. Here,
I treat it as a random process where species have speciﬁc
means and variances, and asynchrony between species is
measured by an interspeciﬁc correlation coefﬁcient. Seeds
can only spread within a limited radius, and establishment
(i.e., capturing a site to become an adult) can only occur at
an empty site. Each generation, an individual seed chosen
to establish at an empty site is picked at random from among
all of the seeds at an open site; thus, a species’ likelihood
of capturing a site is proportional to the number of seeds
present at that site. Because dispersal is limited, competition
becomes locally limited to subsets of the population.
I modeled two species, a resident (species 0) and an invader (species 1), interacting on a square lattice of size L2
with periodic boundary conditions; thus, a seed dispersing
off the edge of the lattice is returned to the opposite side
of the lattice. Each site on the lattice supports only a single
individual of one species; at each time step t, a site zxy takes

on a value of 0 or 1. Individuals die at a rate d that is the
same for both species. When an individual dies, its site is
captured by either species probabilistically according to the
relative numbers of seeds that individuals of each species
disperse to that site. Capture occurs in the same time step
at which mortality takes place, so there are no empty sites.
Reproductive adults of each species produce seeds at
rates R0 (t) and R1 (t) in time step t. These rates are modeled
as lognormally distributed random variables to constrain
values to be positive, with means R0 and R1 , variances j02
and j12 , and correlation r between species, so that, taken together, they deﬁne the random vector R. High covariance
in R simulates species with similar responses to environmental ﬂuctuations; reducing covariance (done by decreasing r in the following investigations) makes species increasingly different in their responses to the environment and
increases the potential for the storage effect.
Seeds are dispersed according to a species-speciﬁc dispersal kernel K(x, y; F) describing the likelihood that any
seed will travel a given distance from the parent plant. I
model dispersal using a Moore neighborhood with a speciﬁed Chebyshev distance, and I later extend development to
include more realistic (e.g., exponential) kernels (app. C).
All sites within a predeﬁned neighborhood Nz p f(za , zb ) : j
za –zx j ! rφ ,jzb –zy j ! rφ g receive R0 (t) or R1 (t) propagules
from a reproductive adult centered at zxy . The Chebyshev
distance, which I refer to henceforth as the radius of dispersal rφ , determines the distance (in units of sites) that propagules can travel. The diameter of dispersal dφ p 2rφ 1 1,
and the total area of Nz is given by F p dφ2 . The simplest kernel is rφ p 1, in which case the dispersal kernel is a threeby-three block, centered on a reproductive adult plus its eight
nearest neighbors (including corners).
The dispersal neighborhood Nz deﬁnes the interaction
neighborhood, those individuals that can colonize a site made
available by mortality. When the individual at zxy dies, colonization is only possible by individuals in Nz . If there are
h1,xy (t) adults of the invader species in Nz , then the colonization rate for the invader species at an empty site is the
probability
gxy (t) p

h1,xy (t)R1 (t)
.
h1,xy (t)R1 (t) 1 (F 2 h1,xy (t))R0 (t)

(1)

The form of equation (1) is based on the assumption that
mortality rates are equal between species and removes terms
for the local resident population, h0, xy (t), from the equation
by using F p h0,xy (t) 1 h1,xy (t). Species 1 has been deﬁned as
the invader, and species 0 has been deﬁned as the resident.
Applying a mean-ﬁeld approximation to the limiteddispersal model recovers the classic lottery model (app. A).
Speciﬁcally, the dynamics of the limited-dispersal model approach those of the classic lottery model as dispersal be-
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comes global (i.e., as dφ → L and L goes to inﬁnity). In the
classic lottery model, the quantity gmf (t) represents the colonization probability for species 1,
gmf (t) p

p1 (t)R1 (t)
.
p1 (t)R1 (t) 1 (1 2 p1 (t))R0 (t)

(2)

The quantity p1 (t), which replaces h1,xy (t) from equation (1),
tracks the global population of the invader and is related
to the population of the resident by p0 (t) 1 p1 (t) p 1. The
form of gxy (t) is nearly identical to gmf (t), the only difference
being that interactions occur locally for the former and globally for the latter.
Stable coexistence requires that both species have positive population growth rates when recovering from low density. For the classic lottery model, invasion growth rates can
be approximated analytically by considering what happens
as either population approach zero, which leads to the classic
expression (Chesson and Warner 1981)



R1 (t)
21
1 0.
E log 1 1 d
R0 (t)


(3)

Here E[ ] denotes an expectation over time. Although equation (3) is written in terms of the invader, this condition
must be true for both species 1 and species 0 in turn as invaders for stable coexistence to be possible.
Simulations of the limited-dispersal lottery model are
used directly to test for coexistence and measure invasion
growth rates. Here, the invader is ascribed a constant, lowlevel introduction rate of propagules b to accommodate demographic stochasticity. Analyses presented here use b p
1024 , unless otherwise noted. Thus, even in the absence of
any reproductive adults (e.g., p1 (t) → 0), the invader species
will have a very small probability of colonizing an available site. Additionally, the invasion growth rate is measured
as p1 (t) approaches cc in the simulation, whereas it is calculated as p1 (t) approaches zero in the classic invasion growth
rate. The value of cc can be identiﬁed from simulations as
the value of p1 (t) at which a population is equally likely to
reach its equilibrium population as it is to go extinct, and
an analytical expression for cc is derived in appendix B.
Whenever coexistence is measured, this procedure is performed for both species 1 and species 0.
Spatial Pattern in the Limited-Dispersal Lottery Model
I used two common statistical measures to classify spatial
pattern in the limited-dispersal lottery model. Moran’s I
quantiﬁes clustering of the invader at the global scale by calculating correlations between neighbors (Moran 1950). It
returns values ranging from 21 to 1, which are interpreted
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analogously to standard (Pearson) correlation coefﬁcients:
negative values indicate nonrandom dispersion, because
sites tend to be different than their neighbors (a checkerboard pattern at I p 21), and positive values indicate nonrandom clumping, because sites tend to be like their neighbors (complete segregation at I p 1). I also calculated the
(empirical) semivariogram at each time step (Cressie 1993),
which measures the degree of correlation between sites as a
function of their separation distance instead of only nearest
neighbors. I report the range of the semivariogram, rs , which
represents the maximum distance at which sites appear correlated (Cressie 1993), to indicate cluster size. The value of rs
was calculated by ﬁrst ﬁnding the maximum value of the
semivariogram and then determining the distance at which
the semivariogram reached 95% of this value.
I investigated changes in these results as d is varied across
the range (0, 1) and r is varied across the range (21, 1).
In the classic lottery model, interspeciﬁc, relative to intraspeciﬁc, competition is determined by R and d and more
strongly by the former (Chesson and Warner 1981). More
attention is paid to changes relative to R; because d is symmetrical and constant, it will only weakly inﬂuence invasion growth rates. Differences in j12 and j02 also contribute
to coexistence, but these values are unbounded; therefore,
it is more convenient to vary r to reproduce the full range
of competitive dynamics. I calculated Moran’s I and the
semivariogram range, rs , for different combinations of r
and d at three points of population growth: the critical radius from nucleation theory, twice the critical radius, and
as species approach stochastic equilibrium (104 generations
after populations have reached the size of twice the critical
radius).
Nucleating systems demonstrate two distinct regimes of
growth based on whether the population consists of a single cluster or multiple clusters. Population growth occurs
through a single cluster when both L and b are small. Increasing either (or both) parameters eventually allows for
multiple clusters (Rikvold et al. 1994; Richards et al. 1995;
Korniss et al. 2000; Korniss and Caraco 2005). These two
growth regimes are compared on the basis of hti i, the time
until establishment of the ﬁrst critical cluster (the nucleation time), and tg, the duration of invasive growth, deﬁned
as the time from hti i to predeﬁned population threshold F.
The value of F is set to half of the equilibrium density of
the invader by convention (Richards et al. 1995; Korniss
and Caraco 2005). An equation for the equilibrium density
of the invader is given in appendix B.
Single-cluster growth is a Poisson process, and the time
it takes to reach a speciﬁed population size during growth
from low density is described by an exponential distribution. The cumulative distribution for Pinv (t), the probability of seeing an invader cluster of a given size, is as follows
(Richards et al. 1995; Korniss and Caraco 2005):
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(
Pinv (t) p

 f or t ! tg
0
t 2 tg
f or t 1 tg
1 2 exp 2
hti i

)
.

(4)

In the multicluster regime, the global density of the invader
is a sum over many clusters, resulting in spatial averaging.
This means that Pinv (t) is Gaussian, and the corresponding cumulative distribution is given by the error function,
2
erf p 2p21 E0x e2t dt, with mean hti i and variance hti2 i (Richards et al. 1995; Korniss and Caraco 2005):



1
t 2 hti i
ﬃ .
1 1 erf pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pinv (t) p 1 2
2
2hti2 i

(5)

I analyzed simulations of the limited-dispersal lottery model
to determine whether the dynamics are consistent with these
expectations across a range of parameter values. The presence of both regimes of cluster growth, ﬁt by equations
(4) and (5), suggests that nucleation dynamics are present
in the model. I surveyed broadly across parameter space using
a maximum-likelihood approach to ﬁt parameters hti i, tg ,
and hti2 i, ﬁxed b p 1024 , and calculated the goodness-of-ﬁt
of equations (4) and (5) from L p 16 to 256 for each parameter combination; this should encompass both singleand multicluster regimes, if they exist. I recorded the value
of R2 to assess the goodness-of-ﬁt and considered R2 1 0.98
as a successful ﬁt. Single- or multicluster growth was indicated by which equation provided a better ﬁt at each L.
Spatial Approximations
I explored ﬁve approximations to the limited-dispersal lottery model, but only the nucleation approximations accurately represented the dynamics during low-density growth
(see ﬁg. A1; ﬁgs. A1, B1, B2 available online). For this reason, I leave the development of the local dispersal (LD) and
pairwise approximations to appendix A. Here, I focus presentation on the nucleation difference approximation, formulated around the average rates of site addition and subtraction, which gives results that are comparable to the
classic lottery model. The Markov chain and Avrami’s law
are conceptually related and give almost identical numerical
results. However, they are not as comparable and are less
likely to be applicable empirically. I include them for theoretical continuity with nucleation.
Nucleation describes population growth as a process in
which clusters grow or shrink stochastically through addition and subtraction of sites. Dispersal distance, rφ , deﬁnes
the edge of a cluster. Population growth is constrained by
interactions at the edge. Only a subset of resident-occupied
sites at the outer edge of a cluster can be invaded; likewise,
only a subset of invader-occupied sites at the inner edge of
a cluster can be recolonized by the resident.

I deﬁne the subset of sites reachable by the invader as
NI (p1 ) and the subset reachable by the resident as NR (p1 );
both are functions of invader population size. Each attempt
to invade or recolonize occurs independently with probability gI,xy (t) and gR,xy (t), where subscripts distinguish sites in
NI (p1 ) being invaded and sites in NR (p1 ) being recolonized.
The net change in cluster size after all colonization attempts
deﬁnes a transition from ci to a new cluster: ci → cj . The cluster transition probability l ij is a sum over all possible colonization attempts that can produce the transition ci → cj .
Each transition can be calculated from d, gI,xy (t), and
gR,xy (t). This rationale is expanded in appendix B with an
example calculation.
It is more convenient to base approximations on average values of these quantities, given the increasing difﬁculty and time required to calculate lij with larger clusters.
For the limited-dispersal lottery model, this requires expressions for the average hi,xy of individuals in NI (ci) and
NR (ci ). This in turn requires expressions for the averages
of NI (ci ), NR (ci ), and NM (ci ), which gives the number of
invader-resident edges between NI (ci ) and NR (ci ). Then,
hI (ci ) pNM (ci )=NI (ci ) and hR (ci ) pNM (ci )=NR (ci ), where overbar indicates the spatial average within the speciﬁed region.
This allows gxy (t) to be expressed as

hI (ci )R1 (t)
,
hI (ci )R1 (t) 1 (F 2hI (ci ))R0 (t)


hR (ci )RR (t)
gR (ci ) p E
.
hR (ci )R1 (t) 1 (F 2hR (ci ))R0 (t)


gI (ci ) p E

(6)

The subscripts I and R indicate gI (ci ) and gR (ci ) speciﬁc to
NI (ci ) and NR (ci ), respectively. I develop expressions for the
above quantities and support them with numerical results
in appendix B.
The nucleation difference equation assumes that average
transition rates, as a function of cluster size, are sufﬁcient to
capture invasion growth rates. Cluster growth is the sum of
two processes: the number of sites gained and lost for ci . On
average, NI (ci ) colonization attempts are made by the invader with average success probability dgI, xy ; this is a binomial process, with mean B(p1 ). Likewise, the resident makes
NI (ci ) recolonization attempts on average each with probability of success dgR,xy ; this is also a binomial process, with
mean D(p1 ). Thus, the net invader growth rate is the difference between average births B(p1 ) and deaths D(p1 ),
h
i
(7)
pi (t 1 1) p pi (t) 1 B(pi ) 2D(pi ) .
More detail and an expanded form of equation (7) are given
in appendix B. It is worth noting that equation (7) and the
deﬁnitions of B(p1 ) and D(p1 ) do not depend on the lottery
model speciﬁcally.
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The difference approximation can be solved to ﬁnd cc.
The critical cluster is the population size at which the probabilities of growth and mortality are equal and can be found
by setting B(p1 ) 2D(p1 ) p d and solving for p1 p cc . This
produces a formula that is a function of dispersal distance
(through the constants f, g, and h) as well as the reproduction rates R1 (t) and R0 (t). Due to its length, the formula for
cc is only given in appendix B.
A Markov chain approximation is developed by considering all possible transitions between cluster sizes explicitly and deﬁning the transition matrix P (White 1969), instead of considering only average transition probabilities.
Entries l ij of P give the probability of seeing a transition
from cluster size j to cluster size i. The stationary distribution of P can be solved to obtain the matrix of mean ﬁrstpassage times M (Kemeny and Snell 1960; Roberts 1976),
where each entry Mij gives the average time required for a
cluster initiated at size ci to grow to cj . The useful quantities obtained from M include the nucleation rate hti i as M1c
and the duration of invasive growth tg as McF . See appendix B for more details.
The matrix of transition times is most useful in conjunction with an approximation known as Avrami’s law,
which introduces the additional assumption that L is large
enough for multiple clusters. It has been applied in the
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context of phase transitions of crystallizing solids (Rikvold
et al. 1994), ferromagnetic materials (Ishibashi and Takagi
1971), and ecological invasion (Korniss and Caraco 2005)
to predict changes in the global density of an invader.
Avrami’s law is stated as follows:
3 #

t
,
pi (t 1 1) ≈ 1 2 exp 2ln(2)
hti
"

(8)

where hti p tg 1 hti i is referred to as the metastable lifetime. The value of 〈t〉 can be determined from M as M1F.
Alternatively, 〈t〉 can be measured directly from data on
cluster growth by ﬁtting equation (4).
Results
Spatial Pattern in the Simulation Model
Before investigating the impact of dispersal limitation on
the storage effect, it is worthwhile to establish the properties of spatial pattern produced by the model. Population
growth is driven by the initiation and expansion of clusters across broad parameter ranges. Figure 1 shows several
realizations of the limited-dispersal lottery model for the
speciﬁc case when d p 0.9, R1 p 1, R0 p 1.01, j1 p j0 p 1,

Figure 1: Three simulated invasions are shown for the limited-dispersal lottery model on a large lattice with a low background invasion rate
(L p 256, b p 1024 ). The growth rates R1 and R0 are simulated as lognormal random variables with means R1 p 1 and R0 p 1.01, variances
j12 p j02 p 1, and correlation r p 0. Dispersal is among neighboring cells only (F p 9). The insets show the growth of clusters at three randomly chosen time points during invasion. Below each inset, Moran’s I and the semivariogram range rs are given as measures of spatial correlation with nearest-neighbors and the maximum correlation distance between sites, respectively.
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r p 0, b p 1024 , and L p 256. Clusters are evident when
inspecting the lattice (insets) and are supported by Moran’s
I and the semivariogram range, rs. Cluster properties of the
invader are dynamic during recovery from low density.
Moran’s I decreases from a mean (5SD) of 0.41 5 0.09 to
0.32 5 0.07 as invader clusters coalesce to span the lattice
at population sizes 1 L2 =2. The value of rs increases from
a measured value of 10.1 5 6.7 to a maximum of 225 5
28.9 as clusters coalesce (ﬁg. 1). Dynamic, cluster-driven
growth was present at every examined parameter combination, and the properties of clusters vary only subtly when
changing the intensity of interspeciﬁc interaction by varying r or d (results not shown).
The match of the observed cluster dynamics to that predicted by nucleation theory provides evidence of nucleation
dynamics. Both single and multicluster growth regimes are
present when L and b are varied and other parameters are
ﬁxed (ﬁg. 2). A single-cluster regime was identiﬁed by ﬁtting equation (4) to the cumulative distribution of wait
times for the resident population, Pinv (t). The multicluster
regime was identiﬁed using equation (5) to ﬁt the cumulative distribution of Pinv (t). The R2 goodness-of-ﬁt for both
equations (4) and (5) was calculated for 1,000 simulations
at each order of magnitude from b p 1022 to b p 1026 , with
all other parameters ﬁxed at d p 0.9, R1 p 1, R0 p 1.01,
j12 p j02 p 1, r p 0, and L p 32. Values above b p 1024
were ﬁt better by equation (4) (R2 1 0.98), indicating lattices in the single-cluster regime, whereas values below b p
1024 were within the multicluster regime (R2 1 0.98). At b p
1024 , both equations ﬁt with equivalent R2 values, reﬂecting the fact that the transition from single to multicluster
regime is continuous. Near b p 1024 , enough clusters are
present to make equation (4) a less adequate ﬁt, but there
are not yet enough clusters to make equation (5) a good
ﬁt. This goodness-of-ﬁt test produced equivalent results to
the example reported here across a broad range of parameter values (results not shown). Thus, recovery from low
density always appears to occur through nucleation in the
limited-dispersal lottery model.
Changing species similarity in their environmental response by varying r also changes the shape of the cumulative distributions, equations (4) and (5). Figure 2A shows
examples of the cumulative distribution of Pinv (t) on a loglinear scale in the single-cluster regime (L p 32) for r p
20.8, 0, 0.8, and ﬁgure 2B shows example ﬁts in the multicluster case (L p 256) for the same values of r. The change
in curvature across r reﬂects an increase in interspeciﬁc
relative to intraspeciﬁc competition and an accompanying decrease in invasion growth rates; when competition is more
intense, invasive growth is slower, translating into a lower
probability that an invader species has reached the predeﬁned population threshold F in a certain number of generations.

Invasion Growth Rates
The growth rate of an invader is lower in simulations of the
limited-dispersal lottery model, relative to the classic lottery model. This means that dispersal limitation tends to increase the strength of interspeciﬁc, relative to intraspeciﬁc,
competition an invader experiences. Figure 3A demonstrates this result for the speciﬁc case when d p 0.9, R1 p
1, R0 p 1.01, j02 p j12 p 1, r p 0, b p 1024 , and L p 256.
Here, the mean invasion growth rate (5SD) was 0.0092 5
.0011 for the limited-dispersal simulation model calculated
from 3,000 runs. The invasion growth rate was 0.0676 for
the lottery model. These invasion growth rates were best
approximated by the nucleation approximations: Avrami’s
law slightly underpredicted at 0.0088, and the difference approximation slightly overpredicted at 0.0108.
The impact of dispersal limitation was greatest on invasion growth rates when species responses to environmental
ﬂuctuations, as measured by r, were the most different. Figure 3B shows that the difference between invasion growth
rates of the limited-dispersal and classic lottery model increased with decreasing r. Decreasing r permits each species to have an increasing number of recruitment events
where it is favored over its competitor, which in turn increases invasion growth rates and reduces interspeciﬁc relative to intraspeciﬁc competition. This increasing difference in invasion growth rate between models indicates that
species advantages during favorable recruitment events are
substantially diminished by limited dispersal.
Invasion Criteria
Deriving the invasion criterion for the nucleation difference approximation reveals the mechanism that reduces invasion growth rates in the limited-dispersal lottery model
(eq. [B18]). This invasion criterion can be compared to that
of the classic lottery (eq. [3]) in terms of a damping coefﬁcient DN multiplying R1 (t)=R0 (t), the invader relative advantage in a generation, of equation (3):
( fcc 1 hI )(gcc 1 hM )
cc fF( fcc 1 hI ) 1 (gcc 1 hM )½(R1 (t)=R0 (t)) 2 1g


R0 (t)
(gcc 1 hM )
21 .
2
R1 (t) ( gcc 1 hM )½1 2 (R1 (t)=R0 (t)) 1 Fcc (R1 (t)=R0 (t))

DN p

(9)

The constants f and g relate cluster size to the average neighborhoods hI (pi ) and hR (pi ) experienced by sites in NI (pi )
and NR (pi ), respectively: f ≈ dφ and g ≈ dφ (dφ 2 1). The constants hI and hM contain additional terms that are important
when the invader population is very small and are used to
constrain the average neighborhoods so that NI (1) p 1 and
NR (1) p (F 2 1). See appendix B for more details. Damp-
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Figure 2: Cumulative probability Pinv (t) that the invader species has reached a certain size (0.1#equilibrium density) by a given time in the
limited-dispersal lottery model. Panels show the cumulative distributions in either the single-cluster (A) or multicluster (B) regime. Results are
based on 1,000 simulations with parameter values d p 0.9, R1 p 1, and R0 p 1.01, j02 p j12 p 1, r p 0 and b p 1024 . When L p 32, the singlecluster distribution (A) is best ﬁt as a Poisson (ﬁlled circles, with solid best-ﬁt curve); when L p 256, the multicluster distribution (B) is best ﬁt
as a Gaussian distribution (open squares, with dashed best-ﬁt curve). Examples of the cumulative distributions in B and C show that increasing
r creates longer wait times, reﬂecting an increase in interspeciﬁc relative to intraspeciﬁc competition.

ing coefﬁcients for the other approximations are given in
appendix A.
The magnitude of DN is a function of invader advantage
in a recruitment event (ﬁg. 4A). When the invader has the
advantage (R1 (t)=R0 (t) 1 1), then DN ! 1, and its advantage
is reduced. When the resident has a high recruitment event

(R1 (t)=R0 (t) ! 1), then DN 1 1, and the reciprocal effect is observed for the resident. Coexistence in the classic lottery
model is driven by R1 (t)=R0 (t). Species 1 has positive growth
when R1 (t)=R0 (t) 1 1 and must have R1 (t)=R0 (t) 1 1 on average to invade successfully; coexistence requires that species
0 also have R0 (t)=R1 (t) 1 1 on average when it is invading
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Figure 3: Invasion growth rates (A) and the relative change in invasion growth rates with increasing competition (B) for the simulated limiteddispersal lottery model, classic lottery model, and the nucleation difference approximation. A, Three example runs of the simulation are plotted
against a mean (5SD) log-linear slope ﬁt from 3,000 runs (0.0092 5 0.0011). The invasion growth rate predicted by the classic lottery model
(mean-ﬁeld approximation) is much larger (0.0676). The nucleation difference approximation provides the best match to the actual invasion
(0.0108). B, Decreasing r simulates the case when species become more different in their response to environmental ﬂuctuations. The impact
of dispersal limitation increases as r decreases, evidenced by the difference between invasion growth rates in the classic lottery model and
the limited-dispersal lottery model. This indicates that dispersal limitation decreases the strength of the storage effect because it reduces species
advantages during favorable recruitment periods, making species appear more similar in their response to environmental ﬂuctuations. Parameter values are as follows: d p 0.9, R1 p 1, R0 p 1.01, j02 p j12 p 1, r p 0, L p 256, and b p 1024 .
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Figure 4: The impact of dispersal limitation as captured by the damping coefﬁcient in the invasibility criterion of the nucleation difference
approximation (A) with respect to dispersal distance (B). A, Relative magnitude of damping in the nucleation difference approximation DN
(dotted line) and the classic lottery model (horizontal line at 1) as function of per-generation invader relative advantage R1 (t)=R0 (t). When
the invader produces more potential recruits, DN decreases its advantage but also reduces the resident advantage when it produces more potential recruits. B, Damping effect of DN decreases as (average) dispersal distance increases. This is summarized using DN, 0 (dφ ), which gives the
magnitude of DN when R1 (t)=R0 (t) p 0; in this case, the resident will experience the strongest damping effect (the reciprocal case for the invader occurs when R0 (t) p 0 and the damping is 1=DN, 0 (dφ )). The Y-axis is scaled relative to the strongest damping effect DN, 0 (3). This change
is the same when dispersal is modeled with exponential and Gaussian dispersal kernels (for these kernels, rφ corresponds to average dispersal
distance). Arrows place results from the preliminary analysis: Pectocarya recurvata (dφ p 3) and Scleromystax barbatus (11) are desert annuals
(Venable et al. 2008), Croton billbergianus (3) and Thelidomus aspera (63) are tropical trees, and BCI average gives the overall average dispersal
distance at Barro Colorado Island (11).

643

This content downloaded from 23.235.32.0 on Thu, 26 Nov 2015 04:43:27 AM
All use subject to JSTOR Terms and Conditions

644

The American Naturalist

against species 1. Thus DN will reduce the overall impor- is an analytical limit of the magnitude of damping, it is intance of these events and reduce the likelihood that these dicative of the maximum amount by which dispersal limitation can reduce potential coexistence. Values of DN, 0 (dφ )
conditions for coexistence are met.
Analysis of DN as dφ increases provides insight into the are plotted against a range of dispersal distances in ﬁgure 4B.
conditions under which dispersal limitation has the most The maximum value of DN, 0 (dφ ) is obtained at dφ p 3
impact on coexistence. Expanding equation (9) shows that (DN, 0 (3) p 1.35); at dφ p 7, the effect of DN, 0 (dφ ) has already
DN is driven by lead terms in the numerator of dφ5 c3c 1 decreased 64% (DN, 0 (7) p 1.13), and by dφ p 20, it has dedφ4 c2 fhI 1 cc ½(R1 (t)=R0 (t))–1g, and similarly in the denom- creased 90% (DN, 0 (20) p 1.04).
inator dφ5 c3c 1 dφ4 c2 fhI 1 2cc ½(R1 (t)=R0 (t))–1g. When dφ is
small, terms less than ﬁfth order drive the damping effect.
Coexistence
The fourth-order terms are nearly identical except for the
factor of 2 in the denominator; this will cause the denomi- The relative increase in interspeciﬁc, relative to intraspenator to be noticeably larger (when R1 (t) 1 R0 (t)) or smaller ciﬁc, competition created by dispersal limitation decreases
(when R1 (t) ! R0 (t)) relative to the numerator. As dφ in- the potential for coexistence by the storage effect in comcreases, the damping effect diminishes, because the identi- parison to the classic lottery model. The strength or potencal ﬁfth-order terms in the numerator and denominator over- tial for coexistence can be quantiﬁed in relation to the ﬁtwhelm the lower-order terms, and DN ≈ 1.
ness difference between species, quantiﬁed here as the ratio
The behavior of DN as it approaches 1 provides insight R1 =R0 /R0 . The distance between the upper and lower coexisinto the impact of dispersal limitation on invasion growth tence bounds onR1 =R0 provides a measure of the magnitude
rates and the storage effect. This can be summarized by con- of the storage effect. Larger ﬁtness differences are tolerated
sidering the change in DN when R1 (t)=R0 (t) p 0, abbrevi- when the magnitude of the storage effect is higher; thus, I reated henceforth as DN, 0 (dφ ). At DN, 0 (dφ ), the resident will ex- fer to the bounds on R1 =R0 as measure of the strength of the
perience the strongest damping effect; given the symmetry storage effect (Chesson 2000b). Figure 5 shows the change
assumptions of the model, the strongest damping effect on in bounds on R1 =R0 as r is increased to make species more
the invader should approach 1=DN, 0 (dφ ). Because DN, 0 (dφ ) similar in their reproductive response to the environment.

Figure 5: Coexistence bounds as a function of the ﬁtness difference R1 =R0 and interspeciﬁc correlation in reproduction rates r. Each pair of
curves gives the upper and lower bounds on R1 =R0 that permit coexistence. The distance between upper and lower bounds measures the total
strength of the storage effect as a function of r and other key parameters of the model (d, j02 , j12 ). The curves converge on the line atR1 =R0 p 1;
when growth rates are equivalent, coexistence is possible regardless of how similar species are. Coexistence is reduced in the limited-dispersal
model, relative to the classic lottery model. The nucleation approximations provide the most accurate prediction of species coexistence (nucleation
difference approximation shown). Parameter values are as follows: d p 0.9, R1 p 1, R0 p 1.01, j02 p j12 p 1, r p 0, L p 256, and b p 1024 .
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The distance between bounds increases as r approaches 21
for each model, showing the increased strength of the storage effect. However, the total area from r p 21 to r p 1 is
larger for the classic lottery model than it is for the limiteddispersal model.
Preliminary Analysis of Dispersal-Limited Communities
I used the above results to perform a preliminary analysis
of reduction in the potential for the storage effect in two
dispersal-limited plant communities: desert annuals (Pake
and Venable 1995; Chesson et al. 2004; Angert et al. 2009)
and tropical forests (Usinowicz 2012). This analysis ﬁrst
requires adaptation of theoretical results to accommodate
more biologically realistic dispersal kernels. Minor changes
in hI (pi ) and hR (pi ) lead to slight differences in DN (app. C).
Results for exponential and Gaussian dispersal kernels (Clark
1998) are shown in ﬁgure 4B. The change in DN, 0 (dφ ) for these
dispersal kernels was nearly identical to Moore neighborhoods, indicating that there is almost no difference in overall behavior of the system. The average dispersal distance of
each exponential kernel was used for rφ, calculated according to equation (4) of Clark et al. 1998. Dispersal kernels
have been ﬁt for certain desert annuals and tropical trees
(Muller-Landau et al. 2008; Venable et al. 2008). From these
studies, I obtained mean dispersal distances, which I scaled
by adult size to adapt ﬁeld measurements to units more
similar to the theoretical model (i.e., in units of adult territory). These scaled average dispersal distances were used as
species-speciﬁc values of rφ (dφ p 2rφ 1 1). Using DN, 0 (dφ )
(ﬁg. 5A), it was then possible to approximate the potential
impact of dispersal limitation.
The reduction in the storage effect from dispersal limitation is likely to be higher in desert annuals, although some
tropical trees can be very dispersal limited. The desert annuals Pectocarya recurvata and Schismus barbatus (Venable et al. 2008) have dispersal radii rφ of approximately
0.7 m/0.15 m ≈ 5 units and 0.29 m/0.2 m ≈ 1 unit, respectively. The dispersal kernels of 44 species from the tropical forest of Barro Colorado Panama (BCI) have been ﬁt
(Muller-Landau et al. 2008), which can be scaled relative to
typical adult crown width (O’Brien et al. 1995) to give a
community-wide average for rφ of 5 (11) units (21 m/4 m),
a minimum rφ of 1 (3) unit (5 m/4 m) for Croton billbergianus, and a maximum rφ of 31 (63) units (125 m/4 m)
for Trattinnickia aspera. Interpreting from DN, 0 (dφ ) (ﬁg. 5B),
dispersal limitation will strongly reduce the storage effect
when S. barbatus competes against similar species, whereas
P. recurvata experiences only about 20% of this effect. At
BCI, C. billbergianus will experience a strong reduction in
the storage effect from dispersal limitation, but most species
will experience !20% of this effect, and T. aspera experiences
only 1.3% of this effect.
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Discussion
Limited dispersal can reduce the potential for coexistence
in the lottery model by preventing species from accessing
sites for recruitment. This leads to a loss in reproductive
effort; at the extreme that no open sites are within dispersal distance, a species experiences zero recruitment regardless of how much they reproduce. In theoretical analyses, this is captured through a damping coefﬁcient that
increasingly reduces the advantage of either species as recruitment periods become more favorable (ﬁg. 4A). Averaged over many recruitment events, this decreases invasion
growth rates (ﬁg. 3A) and reduces the potential for coexistence (ﬁg. 5). Species that differ markedly in their environmental response (i.e., that have low r) are the most strongly
affected (ﬁg. 3B). In biological terms, dispersal limitation
makes species with different reproductive responses to the
environment appear more similar in their recruitment rates,
thus diminishing the potential for the (temporal) storage
effect.
Nucleation theory was successful in characterizing the
dynamics of the limited-dispersal lottery model. Not only
were clusters present in simulations (ﬁg. 1), but both singleand multicluster growth regimes were observed when spatial extent and background propagule rate were varied, and
the progression of cluster growth was ﬁt by models from
nucleation theory (ﬁg. 2). The nucleation approximations
best captured the impact of dispersal limitation on invasion growth rates (ﬁg. B1) and coexistence (ﬁg. B2). By recasting population growth as a transition between cluster
sizes, interactions at the scale of the local neighborhood
are highly constrained to represent the edge of the growing
cluster. In comparison, assuming that sites are independent (local dispersal) or that pairs of sites are independent (pairwise) lets species seem more evenly dispersed,
and thus an invader will seem to have more access to sites.
Because there is almost no difference among the nucleation approximations in their ability to represent spatial dynamics, these approximations can be used interchangeably according to the data available. However, the Markov
chain approximation and Avrami’s law are not as likely to
be useful in an empirical setting because of the intensity of
data needed for ﬁtting, and thus they serve primarily to
make the theoretical connection to nucleation more explicit.
Species that disperse propagules farther experience greater
potential for coexistence by the temporal storage effect (ﬁg. 4B).
For the investigations here, the classic lottery model represents an upper limit on the strength of this mechanism, because global dispersal allows species to take full advantage of
periods of high reproductive output. The farthest-dispersing
species are the closest to this limit, as in the case of Trattinnickia aspera, a tropical tree included in the preliminary
analysis with an average dispersal distance of 125 m. Many
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other species are less able to capitalize on recruitment ﬂuctuations but still only experience small reductions in the
potential for the storage effect. Small-seeded species with
mechanistic dispersal methods (i.e., not by wind or animals) typically disperse the shortest distances (Levin et al.
2003) and are therefore the least likely to depend on the temporal storage effect for coexistence. These results suggest
that the storage effect may be more important in communities such as tropical forests, where species disperse long distances on average (Seidler and Plotkin 2006; Muller-Landau
et al. 2008). This provides theoretical support for the importance of long-distance dispersal mechanisms in plant
communities (Seidler and Plotkin 2006), especially instances
where animals have been shown to disperse preferentially
to gaps (Howe and Smallwood 1982); these forms of dispersal increase the likelihood that propagules will ﬁnd available sites.
Dispersal limitation can have contrasting effects on coexistence, depending on features of species and their environments (Levine and Murrell 2003). The results presented
here are consistent with previous theoretical studies of
competition when there is no environmental heterogeneity; limiting dispersal slows growth rates and decreases
the range of conditions allowing coexistence (Neuhauser
and Pacala 1999; Bolker et al. 2003). It is difﬁcult to judge
their overall generality, because results here are derived
for the lottery model in particular and make several assumptions that restrict interpretation, particularly concerning the symmetry of species (symmetrical dispersal and
survival) and the mode of species-speciﬁc environmental response (through reproduction rates). It is also difﬁcult to ﬁnd empirical support for results, largely because
of a lack of relevant studies. The spatial distribution of individuals (i.e., clustering) has been measured more often
than underlying processes, such as environmental heterogeneity or species dispersal abilities (Archer et al. 1988; Rees
et al. 1996; Idjadi and Karlson 2007; Sears and Chesson
2007; Raventós et al. 2010). These studies have shown that
the covariance across space between growth rates and species densities favors coexistence, citing density-dependence
in various demographic parameters as evidence (Rees et al.
1996; Sears and Chesson 2007; Raventós et al. 2010). Although theory suggests that limited dispersal can enhance
the potential for coexistence in these cases, this depends on
the extent that spatial variation in growth rates is driven
by ﬁxed environmental heterogeneity (Snyder and Chesson
2003). As favorable habitat becomes more ephemeral, species persistence is hindered by dispersal limitation. Changes
in the spatial structure of density-dependence through time
(e.g., a nonstationary spatial covariance) could indicate the
overall stability of spatial heterogeneity, but determining
the amount that dispersal limitation supplements or reduces
coexistence in this context still requires additional studies.

Empirical support of the theoretical predictions made
here could be found by extending existing studies. Evidence
that dispersal limitation reduces coexistence by the temporal storage effect could be most directly obtained by experimentally manipulating dispersal in plant communities,
such as desert annuals (Pake and Venable 1995; Angert et al.
2009). Here, direct comparisons of diversity and competitive effects could be made between a community where dispersal was naturally limited and one in which investigators
collected seeds, mixed them, and distributed the mix evenly
across plots. Direct experimental manipulation is less realistic for long-lived communities, such as tropical forests,
where inferring long-term community dynamics may require
a combination of long-term demographic data and models.
The nucleation difference approximation is useful in this
context, especially where previous studies of the storage effect could be supplemented with data on dispersal. Additionally, B(p1 ) and D(p1 ) could be determined from ﬁeld
data or ﬁtted statistical models. This is amenable to an
approach such as that used by Adler et al. (2010), where
individual-based models and integral projection models
were used to investigate coexistence in a perennial sagebrush community. Long-term, spatially explicit demographic
data for this community were used to ﬁt survival and
growth curves of species as a function of their local neighborhoods. Because these survival and growth functions are
neighborhood-dependent, they are analogous to the colonization and mortality probabilities in B(p1 ) and D(p1 ). The
impact of dispersal limitation on coexistence could then
be determined by using average dispersal distances to calculate new invasion growth rates from the nucleation difference equation and then comparing these to the invasion
growth rates without dispersal limitation.
Dispersal limitation appears to drive trade-offs between
coexistence mechanisms, increasing potential coexistence
in spatial mechanisms (Bolker et al. 2003; Snyder and Chesson 2003) but decreasing it in nonspatial mechanisms (Neuhauser and Pacala 1999; Bolker et al. 2003; Levine and
Murrell 2003). The relative importance of spatial and nonspatial mechanisms and the individual inﬂuences of simultaneous endogenous and exogenous processes on coexistence are largely unexplored. The theory presented here
provides tools to assess the impact of dispersal limitation
on the storage effect that are applicable to empirical analyses and complimentary to existing coexistence theory that
quantiﬁes the combined effect of endogenous and exogenous processes on vital rates (Rees et al. 1996; Chesson
2000a; Bolker et al. 2003; Snyder and Chesson 2003). Many
communities where the storage effect is likely to operate
are also those where dispersal limitation plays an important
role in population dynamics; thus, it will be important to
consider the full implications of dispersal limitation for coexistence on a community-by-community basis.
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“A true knowledge of practical entomology may well be said to be in its infancy, when, as is well known to agriculturists, the cultivation of
wheat has almost been given up in portions of the northern states from the attacks of the wheat midge, Hessian ﬂy, joint worm and chinch
bug. . . . A single caterpillar of [the Vine dresser (Chœrocampa pampinatrix Smith and Abbott), illustrated] will sometimes ‘strip a small vine
of its leaves in a few nights,’ and sometimes nips off bunches of half-grown grapes.” From “Review: Economical Entomology in Missouri”
(The American Naturalist, 1870, 4:610–615).
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